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Adaptive Nonlinear Artificial Dissipation Model
for Computational Aeroacoustics

Jae Wook Kim* and Duck Joo Lee®
Korea Advanced Institute of Science and Technology, Taejon 305-701, Republic of Korea

An adaptive nonlinear artificial dissipation model is presented for performing aeroacoustic computations by
high-order and high-resolution numerical schemes based on central finite differences. It consists of a selective
background smoothing term and a well-established nonlinear shock-capturing term, which damps out spurious
oscillations caused by the central differences in the presence of a shock wave and keeps the linear acoustic waves
relatively unaffected. A conservative form of the selective background smoothing term is presented to calculate
accurate propagation speed or location of the shock wave. The nonlinear shock-capturing term, which has been
modeled by second-order derivative term, is combined with it to improve the resolution of discontinuity and
enhance the numerical stability near the shock wave. An adaptive control constant for overall amplitude of the
dissipation is automatically calculated according to given grid metrics and time-dependent flow conditions. It is
shown that the improved artificial dissipation model reproduces the correct profile and speed of the shock wave,
suppresses numerical oscillations near the discontinuity, and avoids unnecessary damping on the smooth linear
acoustic waves. The feasibility and performance of the adaptive nonlinear artificial dissipation model for the
computational aeroacoustics are investigated and validated by the applications to actual problems.

I. Introduction

HE high-order and high-resolution numerical schemes have

been developed so far on the basis of central finite differences
for computational aeroacoustics (CAA) and used effectively for
the generation, propagation, radiation, and scattering of the linear
waves.!=> They are properly formulated to be less dissipative and
dispersive than the other low-order standard schemes. They can re-
produce the wave profile and speed accurately using less than only
three or four grid points per wavelength. On the other hand, it has
been generally recognized that they are less suitable for compu-
tations of the nonlinear wave solutions, especially when a discon-
tinuity such as a shock or contact surface is present. Nonlinearity
causes the wave profile of an acoustic pulse to steepenand ultimately
to form a shock. It was found that the nonlinear wave steepening
process, when viewed in the wave number domain, corresponds
to an energy cascade process whereby low wave number compo-
nents are transferred into high wave number range.> When a shock
is formed, the central differences generally produce spurious spa-
tial oscillations near the shock where a strong discontinuity exists.
These oscillations, that is, numerical waves, arise from the unre-
solved high wave number components generated by the nonlinear
cascading process. If the high-order and high-resolution schemes
based on the central differencesare used for the nonlinear computa-
tion without an artificial dissipation model, the computed nonlinear
wave profile remains accurate as long as the cascading process does
not transfer wave components into the unresolved narrow band of
high wave number range.

Several kinds of artificial dissipation models were developed in
the aerodynamic sense for the purpose of obtaining numerical sta-
bility and fast convergence features of numerical schemes based
on the central differences’~!! These present good resolution char-
acteristics near the shock wave, but have a tendency to damp out
the linear waves seriously because they were originally designed
to suppress the low wave number components of a wave profile.
Therefore, they are not suited for time-accuratenumerical solutions
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of aeroacoustic problems that contain the linear waves of very small
amplitudes in the far field. Jameson et al.,” Jameson.® Pulliam and
Steger,” Pulliam,!® and others!! applied the nonlinear artificial dis-
sipation model to the steady Euler computations, which was a blend
of the second- and fourth-order derivative terms with the nonlinear
switching coefficients. It has excellent shock-capturing properties
and helps with fast convergenceto steady state, butit leads to unnec-
essary damping on the linear waves becauseit cannotdistinguishthe
small-amplitude linear waves from the spurious numerical oscilla-
tions. Meanwhile, the artificial selective damping model was intro-
duced by Tam et al.!? and Tam and Shen'? in the aeroacoustic sense
to solve the nonlinear wave problems using the dispersion-relation-
preserving scheme,” which is the high-order and high-resolution
scheme based on the central differences. The artificial selective
damping model has been used for time-dependentCAA solutionsas
well as steady-statemean solutions withouta shock wave in the flow.
It was designed to damp out the spurious wave components effec-
tively in the high wave number range unresolved by the dispersion-
relation-preservingscheme, while at the same time keepingthe wave
components in the low wave number range nearly unaffected. It is
good for both the linear and nonlinear waves without a strong shock;
however, it seems to lack the shock-capturing property and make
remarkable oscillations near the shock, compared with the previous
artificial dissipation models. Lately, Lockhard and Morris'* further
modified the Jameson et al.” model to include nonlinear switches
in the Tam et al.'> model, and validated their approach within the
multigrid framework for two- and three-dimensional steady-state
problems.

In this paper, an improved artificial dissipation model is derived
for CAA, which effectively removes the spurious numerical oscil-
lations produced near the shock wave but hardly affects the linear
acoustic waves. The artificial selective damping model and the non-
linear artificial dissipation model are combined for the numerical
stability and temporal accuracy of CAA performed by the high-
order and high-resolution central difference schemes. The artifi-
cial selective damping model is reformulated into a conservative
form to maintain correct location or propagationspeed of the shock
wave.!> The second-order derivative term in the nonlinear artificial
dissipation model is combined with the artificial selective damping
model to improve the shock-capturingproperty progressively. Mul-
tidimensional formalismis presentedin the generalized coordinates
for applications to practical problems with complex geometry. An
adaptive control constant is devised to adjust the local level of the
dissipation magnitude automatically, according to flow conditions
and grid meshes. Performance of the adaptive nonlinear artificial
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dissipation model presented in this paper is tested and compared
with the previous models by applying it to simple one-dimensional
problems of the linear and nonlinear wave propagationthat have ex-
act solutions. It is also applied to quasi-one- and two-dimensional
computations of shock-sound interaction in a transonic nozzle to
validate its performance in more general and complex cases. The
compressible Euler equationsin entire conservationform are solved
for the present computations. The optimized fourth-order compact
schemes'~* are used for evaluation of the spatial derivatives, and
the classicalfourth-order Runge-Kutta scheme is used for temporal
integrationof the solutions. The feasibility of the adaptivenonlinear
artificial dissipation model is investigated for CAA.

II. Governing Equations
The unsteady compressible Euler equationsin entire conservation
form are considered in the formulations of the artificial dissipation
models and their applications to actual computationsin the present
work. One-dimensional equations in Cartesian coordinates, quasi-
one- and two-dimensionalequations in the generalized coordinates
are provided as follows.

A. One-Dimensional Equations
The one-dimensional equations in Cartesian coordinates are ex-
pressed in a flux vector form as

0 oE
8Q , oE

= 1
ot ax 0 )

where Q =[p, pu, pe,]” is the vector of conservative variables and
E=[pu, pu®>+ p, (pe, + p)ul” is the inviscid flux vector. Of the
dependent variables, p is density, p is pressure, u is velocity,and e,
is total internal energy defined as ¢, = p/[(y — 1)p] + u?/2.

B. Quasi-One-Dimensional Equations
The quasi-one-dimensioml equations in the generalized coordi-
nates are expressed in a flux vector form as
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where Q =Q/J is the vector of conservative variables, E= EE/T
is the inviscid flux vector, and H = £, A¢[0, p, 0]7/J is the source
vector in the generalized coordinate system. A = A(x) is the cross-
sectional area. The superscript~ denotes the functionsin the gener-
alized coordinates system. J is the transformation Jacobian, and &,
is the transformation metric from the Cartesian to the generalized
coordinates. In this case, J is identical to &, .

C. Two-Dimensional Equations

For a practical computation in a domain with complex geom-
etry or boundaries, it is necessary to utilize the multidimensional
equationsthat are transformed from a physical space with Cartesian
coordinates to a computational space with the generalized coordi-
nates. The two-dimensionalequationsin the generalizedcoordinates
are expressed in a flux vector form as

90 OE oF
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where Q= Lo, pu, pv, pe,)7/J is the vector of conservative
variables and the inviscid flux vectors are

E = [pU, puU + & p, poU + & p, (pe, + p)UT" [T

F=1[pV,puV +n.p, poV +n,p, (pe, + p)VI' [ J

The superscript ~ denotes the functions in the generalized coordi-
nates system. J is the transformation Jacobian and §,, &,, 1., and
n, are the transformation metrics from Cartesian to the general-
ized coordinates intwo dimensions. The contravariantvelocities are
expressed as U =&,u+&,v and V = n,u + n,v. The total internal
energyis e, = p/[(y — 1)p] + (u*> + v?)/2 in two dimensions.

III. Previous Artificial Dissipation Models

It has been shown that the artificial dissipation models introduce
an upwind correction to the central difference schemes to remove
nonphysical effects arising from the central discretization of wave
propagation phenomena.”~!! These effects arise mainly around
the discontinuity, where a sudden change in the propagation di-
rection of the nonlinear waves occurs. Because of its nature, the
central discretizationis not able to handle this discontinuouschange
and generates oscillations. Therefore, in early works, the artificial
dissipation models had been developed to remove the spurious os-
cillations for the robustness of stability and the fast convergence of
solutionsin the steady-state aerodynamicsense. Recently, the focus
of the artificial dissipation model was changed to accurate compu-
tations of unsteady aerodynamics in the near field and, especially,
acousticsin the far field.

A. Nonlinear Artificial Dissipation Model

The typical artificial dissipation or viscosity models have been
developed so far for the purpose of fast convergenceto steady-state
solutionswithoutnumericaloscillationsarounda shock wave. These
additional terms should simulate the effects of physical viscosity on
the scale of grid mesh locally around the shock wave and be negligi-
ble, which is of an order equal or higher than the truncationerror, in
smooth regions. Jameson et al.” have employed the nonlinearartifi-
cial dissipation model that consists of the second- and fourth-order
derivative terms with an excellent shock-capturing property. In this
approach, the fourth-orderderivative term is switched off when the
pressure gradient dominates. Consider one-dimensional equations
of fluid motion [i.e., compressible Euler equations (1) discretized
on a uniform grid mesh with spacing Ax], where the dissipation
terms are added to the right-hand side of the equations. At the ith
grid point, the Euler equationwith the nonlinearartificial dissipation
term D; can be written as

4y
ot
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The artificial dissipationterm D; is represented by the difference of
a numerical dissipation flux vectord;:
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Equation (6) expresses the combination of the second- and fourth-
order derivativeterms with local nonlineardissipationfunctionsand
absolute eigenvalue. The absoluteeigenvalue and its midpoint value
are as follows:

(Al = (lul + o), (Al =LA + M) @)

i+3
where c is the speed of sound. The nonlinear dissipation function
&@ and its midpoint value are evaluated as

|piy1—2pi + pi_il
g? = k@ —= —, e, =max(e”, )
Piv1+2pi+piy i*+3

®)

where k ? is an adjustable constant. The pressuretermin e® is gen-
erally of the second order exceptinregions of strong pressure gradi-
ents, where it reducesto first order. Hence, around a shock wave, the
&@ term is dominating. This did not appear to be sufficient to avoid
some small oscillations, of the order of 1% in density variation,
which prevented complete convergence to the steady state. These
oscillations were removed by introducing the fourth-order deriva-
tive term, which provided some backgrounddissipationthrough the
domain, but led to the reappearance of overshoots around the shock

i
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wave. Therefore, the backgrounddissipationis turned off when &®
is large and one defines

e, = maXLO, (K(4) —e? ')J 9)

i+ 3 i+

where k is an adjustable constant. The typical values of k® = 1
i

and k@ = - suggested by Jameson et al.” are used for optimal
results in the present computations. This model has an excellent
shock-capturing property and gives sufficient numerical stability to
the central difference schemes. However, it was not designed for the
time-dependent solutions of the aeroacoustic problems. Excessive
dissipation occurs in the low-wave-number range, and the linear

acoustic waves can be suppressed seriously.

B. Artificial Selective Damping Model

To obtain a high-quality numerical solution, it is necessary to
eliminate the spurious numerical wave components unresolved in
the narrow band of the high-wave-numberrange, while at the same
time keeping the wave components well-resolved in the wideband
of the low-wave-numberrange unaffected. This can be achieved by
inserting the artificial selective damping term introduced by Tam
et al.'” in the finite difference equations. It is constructed in the
seven-point stencil as suggested in Refs. 12 and 13, and it can be
written here as

3
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Dl‘ = - m¥i+m 1
)2 nzf @ (o

1= —

where v, is the variableartificial viscosity to adjust the magnitude of
damping and a,, are the damping coefficients. The damping coeffi-
cientsa,, are determined by the Fourier analysisin the wave number
domain. By choosing the coefficients properly, it can be possible to
make the damping occur only in the narrow band of the high-wave-
number range. The way to optimize them is represented precisely in
Refs. 2,12, and 13. The authors suggest the following coefficients:

ap = 0.3248765149154926
a, =a_; = —0.2355295710360009
a, =a_, = 0.08756174254225371
az; = a_3 = —0.01447042896399915

The variable artificial viscosity was defined as v, = u*"' Ax /Re,,
where the stencil velocity is

. 3 3'
uitenc]l = max (ui+m) — min (uH—m) (11)
m=-3 m=-3

Then the artificial selective damping term is rewritten as

i 3
uﬁlenc]l

Di:_ - Ani+m 12
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The stencil velocity is for measuring the velocity gradient or shock
strengthin the seven-pointstencil,and Re, is the artificial Reynolds
number to determine the overall magnitude of damping. The typical
value of Re, =0.05 suggested by Tam et al.!? is used for optimal
results in the present computations. The stencil velocity defined in
Eq. (11) is a function of space, whose value varies with the grid
points. It is not contained in the difference operator as shown in
Eq. (12); thus, it may cause a nonconservative feature, which can
create some error in computing the location or propagationspeed of
ashock wave as reportedin Ref. 15. The artificial selective damping
model is good for suppressing the undesirable spurious oscillations
in the entire computational domain. However, it cannot help gen-
erating remarkable oscillations locally when it meets a shock wave
because it has no shock-capturing term to be switched on in such
a case. The amplitude of these oscillations does not seem so high;
however, in aeroacoustic point of view, they can resultin a serious
problem that must be handled carefully.

IV. Adaptive Nonlinear Artificial Dissipation
(ANAD) Model

A typical artificial dissipation model consists of the second- and
fourth-order derivative terms in conservative form. One is for the
shock capturing and the other is for the background smoothing ef-
fect; however, the effect of the background smoothing term is so
excessive that it may seriously damp out the linear acoustic waves,
and it is not proper for CAA. On the other hand, the artificial se-
lective damping model lacks the shock-capturing property and still
produces considerable numerical oscillations near a shock wave.
Moreover, it was proposedin a nonconservationform, and so it may
have some error in computing the location or propagation speed
of the shock wave if it is used in the original form.!"® In this pa-
per, a revised formulation of the artificial selective damping term in
a conservative form is presented. Then, it is desirable to combine
the shock-capturing term and the artificial selective damping term
as the background smoothing term. In this paper, this combination
supported by an adaptive control constant and nonlinear switching
functionsis proposed as an adaptive nonlinear artificial dissipation
(ANAD) model.

A. Conservative Formulation of Background Smoothing Term

It is required to confine the variable, which is a function of space,
within the difference operator to construct a conservative formula-
tion. In Eq. (12), the stencil velocity is out of the damping operator,
and the form is not conservative yet. Therefore, the damping oper-
ator should be changed into a form of difference between two split
damping flux terms where each flux term includes the stencil veloc-
ity. Then the background smoothing term is represented in the flux
difference form as

D= (d, y—d_)/Ax (13)

where the damping flux vectord, is given as

3
dl‘+_£ :Cl‘+_£ Z bnin+n1 (14)

m=-2
and C; ;. , is a controlling function of dissipation magnitude at the
interface of adjacenttwo cells. Itis givenas C; 1, = —u?‘i“f‘/lz/Rea

for the Tam et al.'?> model described in Eq. (12), and it is changed to
animprovedone for the ANAD model in this paper as will be shown
in the next subsections. Equation (13) is of the flux difference form,
and all of the space functions are confined within each flux term,
that is, the conservative form is achieved. The damping coefficients
b,, are determined by some arithmetic relations matching with the
coefficients a,, in Eq. (12). The matching condition makes Eq. (13)
equal to Eq. (12) when the stencil velocity is locally a constant, and
itis represented as

3 3 3
Z by Qiym — Z ble(i—l)+nz = Z a,Q; v (15)
m=-=2 m=-2

m=-3

Equation (15) should be satisfied independently of the location or
the index i of the grid points. In this course, the following relation
is derived:

3

b, = Z a,

n=m

(m=-3,...,2)

then the new damping coefficients are obtained as follows:
by = —by = —0.1624382574577463
by, = —b_; =0.07309131357825455

by = —b_, = —0.014470428963999 15

By the use of these coefficients, the conservative formulation of
the artificial selective damping model is achieved, which is used as



KIM AND LEE 813

the background smoothing term in the present paper. The effect of
conservative formulation is compared with that of nonconservative
formulation by applying it to an actual computationin Sec. V.

B. One-Dimensional Formulation of ANAD Model

The ANAD modelis presentedby combining the shock-capturing
term in Eq. (6) and the background smoothing term of Eq. (14) with
modified nonlinear dissipation functions. One-dimensional formal-
ism of the ANAD modelis suggestedin Cartesian coordinates.Con-
sider the dissipationterm D; included in Eq. (1) at the ith grid point
as expressedin Eq. (4), where the dissipation term is representedin
the conservative form as

D =(d, s~ .__)/Ax (16)

which is the same as Eq. (5) and (13), whereas the numerical dissi-
pation flux vector is revised in this paper as

3
_ stencil (2) . D) — @ .
di+-£ _|A|i+-é |:8i+-£(Q’+l 0) 8i+-§ E zbanz+nz:|
m=—

stenci 2 4
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+b2(Qi+2—Qi—1)+b3(Qi+3—Qi—z)]} (17

Equations (16) and (17) express the combination of the second- and
fourth-order derivative terms with the local nonlinear dissipation
functions and the stencil eigenvalue. The stencil eigenvalueis eval-
uated on the midpoint just like the stencil velocity in Eq. (14), and
itis used as a shock or discontinuity detector using the eigenvalues.
It is represented as
. 3 3
[ = max (Al ) — min (1A ) (18)
its m=-2 m=-2
where the absolute eigenvalue is defined in Eq. (7). The nonlinear
dissipation functions 8[.(? 12 and 81.(‘2 12 in Eq. (17) determine the
magnitudes of the second- and fourth-order dissipation according
tothe change of pressure gradient. In regions of strong discontinuity,
the second-orderdissipation, thatis, the shock-capturingterm, dom-
inates, and the fourth-orderone is turned off. Out of the region, the
second-order one becomes a very small value and the fourth-order
one, thatis, thebackgroundsmoothing term, governsthe dissipation.
The nonlinear dissipation functions are suggested in this paper as
3

8;?_; = K,,Ea}z(v””’)’ 8;‘3% = max LO, (K - 8;?%>J (19)
where the pressure shock detector is given as v, =
[pi—1 —2pi+ pis1|/(pi—1 —2pi + pi+1). Equation (19) is ex-
tended from Eq. (8) for the purpose of having an effect on the wide
stencil of the high-order and high-resolutionschemes in the present
paper. The variables placed out of boundariesin Eqs. (17-19) canbe
extrapolatedby the valuesoninteriorpoints. A standardfourth-order
extrapolationfunctionis used to minimize unnecessary background
dissipationnear and at the boundaries,keeping in mind that the back-
ground smoothing term is a model of the fourth-order derivatives.
This kind of extrapolationalso applies to the next subsections.

The adaptive control constant « is devised in this paper to deter-
mine the magnitude of dissipation level in entire domain, and this
is automatically adjusted according to the flow conditions or grid
meshes. The adaptive control constantis evaluated as

k =1/ {[(@ + 1)/(@ — 1)] tanh(a — 1)} T @nhe =D (20)

where o = p™* /pmin and o = |A|™3 /|A|™", The superscripts max
and min imply the maximum and minimum values of a variable
along a grid line, respectively, which are expressed as

i max

fm = max f;, foit = min f; 21
i=0

If there is a chance of having the value of « equal to unity, which

causes a numerical singularity in Eq. (20), one can avoid such an

instability simply by adding a small number (1 x 10~% orless) to the

denominator. The adaptive control constant expressed in Eq. (20)
is newly suggested in this paper for effective applications of the
artificial dissipation model to various CAA problems, which can
be used for the linear and nonlinear waves simultaneously. The
authors found out that optimal values of the control constant on
uniform grids are inversely proportional to the factor o!/¢ through
investigations for various flow conditions. The weighting function
in the square brackets is devised to maintain some finite level of
dissipation when the flow is almost uniform [« approaches unity
and the stencil eigenvaluein Eq. (18) approacheszero] and to avoid
excessive dissipation when the flow is severe (¢ and the stencil
eigenvalue become large). The exponent is a correction factor of
the weighting function according to o, which becomes unity when
the flow is uniform and becomes double when the flow is severe. At
each time step, an optimal value of the control constantis calculated
automatically by the flow properties. One need not readjust it case
by case or waste additional computation time tuning the value. It
will become very useful when proven to still be effective after more
applications to various problems by many users hereafter.

C. Quasi-One-Dimensional Formulation of ANAD Model

Quasi-one-dimensional formalism of the ANAD model is sug-
gested in the generalized coordinates. Consider the dissipationterm
added on the right-hand side of the quasi-one-dimensioml Euler
equations expressed by Eq. (2) at the ith grid point:

WAQ)| | dAE)| .
" ’+ % ’l—Hi—Di (22)

where the dissipation term D, is given as

l’ji:( l+ldl+-_Ai—— i-3 )/AE (23)

2

Then the numerical dissipation flux vector in the generalized coor-
dinates is given as

|)\|qtenc1l
A l+2
dH_%: 7 [I+I(Ql+l

Z meHm}

i+%
|)\|:Iinc1l . 4
= Jl,+_; [ ;>I(Qz+1 Qi)—sfj_é[bl(QiH_Qi)
+b2(Qi+2_Qi—1)+b3(Qi+3_Ql,_2)]} (24)

The cross-sectionalarea on the midpoint in Eq. (23) and the trans-
formation Jacobian on the midpointin Eq. (24) are evaluated by the
arithmetic averages of the values on the adjacent two grid points as
Ai+ 12= (Al‘+ 1 + A)/2 and Jl‘+ 2= (Jl‘+ 1 + J,)/2 The stencil
eigenvalue, |A j‘i“lc‘/lz is also evaluated by Eq. (18) in this case, where
the absolute eigenvalueis defined differently compared with Eq. (7)
in the generalized coordinates as |A|; = (Ju| + ¢);|&, ;. The nonlin-
ear dissipation functions efzj 1o and g/, , and the shock detector
v; are the same as those of the one-dimensional case.

The adaptive control constant in the generalized coordinates is
also devised as

k= (1/o®)[1+ (0 — 1 tanh(@/B — DI(y/a) "™ " ©5)

where o and « are the same as those of the one-dimensional case
and the other functions are additionally defined as

g IED™ @t p)
(IA]/1&, [ymin (2ap)
. |+
o= |:(a — 1)i| tanh (o — 1)
- [@+D ~
B = |:(/3 — 1)i| tanh (8 — 1)
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Inthiscase,o and @ are functionsof the eigenvaluein the generalized
coordinates, and 8 and § are those in Cartesian coordinates. The
superscriptsmax and min are explainedby Eq. (21). Equation (25) is
extendedfrom Eq. (20) for usingon nonuniformgrids and, therefore,
becomes the same as Eq. (20) when used on uniform grids where
a = B, @ =P, and R =1/a. The authors found through many of
investigationson various nonuniformgrid meshes that an additional
factor expressed in the square brackets of Eq. (25) is needed for
the control constantin the generalized coordinates, which becomes
proportionalto o when /8 is large enough. The function R is just
the arithmetic average of 1/« and 1/8, and the functionin the third
parentheses of Eq. (25) is just the geometric average of & and S,
which are devised to take into account both the Cartesian and the
generalized coordinates properties.

D. Two-Dimensional Formulation of ANAD Model

For a practicalcomputationin a domain with a complex geometry
of boundaries, it is necessary to utilize the multidimensional equa-
tions, which are transformed from a physical space with Cartesian
coordinates to a computational space with generalized coordinates.
Two-dimensional formalism of the ANAD model is suggested in
the generalized coordinates. Consider the dissipation model added
on the right-hand side of the two-dimensional Euler equations ex-
pressed by Eq. (3), where the dissipation model is divided into two
terms in the £ and n directions. The equations with the two ANAD
terms are written at the (i, j)th grid point as

oF

0| |k
T

ot

aF

ij an ij

(26)

N T . . . AT
where D, ; is the dissipation term in the § directionand Dl.n_j is that
in the 7 direction. The ANAD term in the £ directionis represented
in the finite difference form as

R . N
D;, = (di+%.j —d,'_%_,)/AE @7

where the numerical dissipation flux is

|}L stencil
dAE _ i+%. [ @
it J_l 8i+_é_j(Qi+l.j —Qi.j)
i+35.J

+8;?_1 ].[bl Qi1 — Qi) +D6:(Qi42;—0i—1j)
L
Qs — Q21 (28)
The two-dimensional stencil eigenvalueis defined as
stencil 3 3
|M;‘+-§.j = nrlllzaz(z(l)‘li+nx.j) - mfglzlz(|)~|i+m.j) (29)
The two-dimensional absolute eigenvalue is expressed as |A|; ; =
(IUl+c/(§] +&)));; in the generalized coordinates. The two-
dimensional transformation Jacobian on the midpoint in Eq. (28)
isevaluated as J; 1, ; = (J;11,; + J; ;)/2. The nonlinear dissipa-

tion functions in this case are the same as those of the earlier cases
but are expressed in two-dimensional notations as

@ 3 0 @
£ = k; max (v; )& =max | |k; — ¢ 0
e = A Vi) £y L( J i+-;.j>’ J

(30)

where the pressure shock detector is given as

- [Pi—1,; —2pi; + DPit1,l
™ Pi—1,j t2pii+Pis1

The adaptive control constant in this case is the same as those of
the quasi-one-dimensiond case in the generalized coordinates, but
is expressed in two-dimensional notation as

;= (1/a)1 + 0, — Dianhe,;/8; — DI(/a;8,) """

31
where
pmax |}\|max
Uj = inin ’ Olj = inin
P [A]}
[A] [\

Pi=\Jere N

. . 41
Rj:—a’—i_ﬁ’, q; = ot tanh(er; — 1)
20ljﬁj Olj—l

J

.| B+ o
ﬁj_{—ﬁj_ljtanh(ﬂ] 1)

The superscripts max and min are expressed in two dimensions as

max

i = min f;; (32)

i,
0 J

i max
f;mx = max J; j,

i=0 =
All of the preceding functions are already explained in earlier sub-
sections, but are defined here as a list of functions of subscript j in
two dimensions.

V. Application to Computations and Validation

In this section, the ANAD model is applied to actual computa-
tions of the benchmarking problems, and then its accuracy and per-
formance are validated. A one-dimensional linear wave convection
and a shock-tube simulation problem, which have exact solutions,
are solved for the comparisons of the present ANAD model and
the other models developed previously. Sound wave propagation
through a shock in a transonic nozzle is computed as a quasi-one-
dimensional problem, and the numerical solutions are compared
with the analytic solutions. This problem is also solved in two di-
mensions to test the multidimensionality of the ANAD model, and
the two-dimensional results are also compared with the quasi-one-
dimensional analytic solutions. In this course, it is shown that the
ANAD model enables the high-order and high-resolution central
difference schemes to simulate the shock-sound interactions suc-
cessfully. The feasibility of the ANAD model for linear and nonlin-
ear CAA is demonstrated.

A. Numerical Schemes and Boundary Conditions

The high-order and high-resolutionnumerical algorithms devel-
oped for CAA are applied to the present computations. The opti-
mized fourth-order compact scheme,'=3 which is a kind of Padé
scheme in a pentadiagonal family, is used for the evaluation of
spatial derivatives. The classical fourth-order, four-stage Runge-
Kutta scheme is used for the temporalintegrationof solutions. These
schemes resolve a wider band of wave number or frequency range
than the other well-established low-order ones. However, because
the present schemes do not always effectively resolve the high wave
number or frequency range, the ANAD model is introduced to re-
move the unwanted numerical oscillations that may develop from
the unresolvedrange. The ANAD model is implemented only at the
last (fourth) stage of the Runge-Kutta marching to minimize the
computationalcosts due to the dissipation processes.

Besides the stringent requirements on the high-order and high-
resolution numerical schemes, an accurate and robust calculation
of sounds depends heavily on the suppression of any waves that
may result from unwanted reflections on the computational bound-
aries. Therefore, the boundary conditions for CAA should be phys-
ically correct and numerically well posed. The generalized char-
acteristic boundary conditions'®~!® are each used as that kind of
time-dependent boundary condition in the present computations.
The nonreflecting inflow/outflow conditions and transparent source
conditions are implemented on the inlet and exit plane. The slip
wall conditions are imposed on the inviscid wall surfaces in the
two-dimensional problem.



KIM AND LEE 815

0.00011
0.0001F
9E-05 |
8E-05 F
7E-05 F
6E-05 F
5E-05 F
4E-05 F
3E-05 |
2E-05 F
1E-05 |

0
-1E-05

2

Nondimensional Velocity

40 250 260 270 280 290 300
Nondimensional Distance ( x/ Ax )

Fig.1 Computationof linear wave pulse propagation (velocity profile).

B. One-Dimensional Computations

For one-dimensional computations, two kinds of initial-value
problems are solved; one is the linear wave pulse propagation and
the other is the shock-tube simulation, which were previously dis-
cussed in Ref. 19. The one-dimensional Euler equations expressed
as Eq. (4) are solved. The computation of the first problem starts
from the initial conditions, which consist of the bell-shaped linear
pulses of the density, pressure, and velocity, whose magnitudes are
1 x 10~* times the ambient density, pressure, and sound speed, re-
spectively. The number of grid points used is 401, the time step used
is determined by a Courant-Friedrichs-Lewy (CFL) condition with
Courant number of 0.9, and the number of operationsis 300 for the
first problem. The second problem starts from the initial conditions
that have the discontinuity at a diaphragm, where the ratio of values
before and behind the diaphragmis 10:1 for density and 8.6618:0.5
for pressure. The number of grid points used is 251, the Courant
number is also 0.9, and the number of operations is 160 for the
second problem. In the computations, the accuracy and effective-
ness of the ANAD model are studied and compared with the other
models.”!? The numerical solutions are represented in comparison
with the exact solutions. The results of computations are presented
in Figs. 1 and 2.

In Fig. 1, it is shown that the ANAD model has little effect on
the linear wave of very small amplitude and retains the wave profile
correctly. Similar results are obtained by the Tam et al.'> model,
whereas the Jameson et al.” model damps out the linear wave seri-
ously. InFig. 2, it is shown that the ANAD model captures the strong
shock wave and contact surface well without spurious oscillations
and that the propagation speed of the shock wave is reproduced
correctly, in comparison with exact solutions. The Jameson et al.
model creates serious damping on the contact surface. The Tam
et al.'?> model lacks the shock-capturingproperty, produces remark-
able oscillations near the shock, and creates a slightly slower shock
propagation speed than the others, which is probably caused by its
nonconservative form. The ANAD model provides satisfactory re-
sults in both the linear and nonlinear cases. The values of adaptive
control constant for the ANAD model calculated by Eq. (20) are
k =2.0in Fig. 1 and ¥ =1.418 in Fig. 2.

A formal analysis of accuracy is needed to validate quality of
the solutions and effectiveness of the ANAD model. Some quanti-
tative measure (i.e., L, norm of the errors deviated from the exact
solutions) can be suggested as

1 i max fnumerica] _ fexacl 2
E= § i i

l' max exact mean
i=0 f

The errors estimated by the preceding equation are listed in Table 1
for the one-dimensionalcomputations,whichrevealsthatthe ANAD
model provides higher accuracy in both the linear and nonlinear
problems than do the previous models.

The nonconservativeform of the ANAD model is applied to the
second problem to investigate its effects in comparison with the
conservative form of the ANAD model. The resulting solutions ob-

Table1 Accuracy comparison in the one-dimensional computations

Cases Jameson et al.’ Tam et al.!2 ANAD

Linear E=5212x10"2 E=3.823x10"% E=3791x1073
(Fig. 1)

Nonlinear E=1213x10"3 E=1740x10"3 E=1.128x1073
(Fig.2)
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Fig.2 Computation of shock-tube simulation (density profile).

tained after 480 operations (three times as many as those for Fig. 2)
are presented in Fig. 3, where a section of the whole domain is
zoomed in at the shock front area. In Fig. 3, it is clearly shown
that the nonconservativeform makes remarkable errors in the shock
propagationspeed and even in the mean amplitude before the shock,
as Ref. 15 already reported. The errors become enlarged as the op-
erations continue. The advantage of the conservative form is veri-
fied again in the present work.
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Fig. 3 Comparison between the conservative and nonconservative
ANAD models (density profile).

Sound Wave

VAV

Fig. 4 Schematic diagram for computations of shock-sound interac-
tion in a transonic nozzle.

C. Quasi-One-Dimensional Computation

For quasi-one-dimensioml computations,problem2 in category 1
in Ref. 201is solvedin the presentstudy. This problemis assigned for
simulating the shock-sound interactionsin a transonic nozzle. The
schematic diagram of the problem is illustrated in Fig. 4. All quan-
tities are nondimensionalizedby the upstream values: length scale
equals Dy, density scale equals pye, velocity scale equals ciye,
pressure scale equals pinle[ciznlel, and timescale equals Dj,1e; /Cinter»
where D is the nozzle height and c is the speed of sound. The do-
main is —10 < x <10, and the area of the nozzle is given by

1.0 — 0.661514exp[— (€ 2)(x /0.6)?], x<0

Alx) =
0 {0.536572 —0.198086exp[— (fn2)(x/0.6)?], x <0
At the inflow boundary, the inlet Mach number is My, =
0.2006533, and the magnitudes of acoustic perturbations for the
density, pressure, and velocity are equally ¢ =1 x 1073 times the
ambient values of their scales at the inlet plane. The frequency of
perturbationsis w = 0.6zr. The mean pressure at the outflow bound-
ary is set to create a shock: pexir = 0.6071752y pinter -

For the quasi-one-dimensiond computations, Eq. (22) is solved.
The ANAD model captures the shock, removes the spurious oscil-
lations, and helps the schemes to reach steady mean solutions with
little damping on the acoustic waves. The number of grid points used
is 251, and the grids are clustered near the nozzle throat. The time
step used is determined by a CFL condition with Courant number
of 0.9. The convergence criterion for steady state is that the maxi-
mum value of the residual, defined as [p®+ D — p™]|/p™  is below
1 x 10713, which is the order of machine error. After the steady state
is reached the acoustic perturbationstarts at the inlet plane, and the
periodic oscillatory state with constant magnitudesis achieved, dur-
ing which 25 wavelengths are produced.

The error residual history for the steady mean solutionsis repre-
sented in Fig. 5, which shows a fair convergencerate to the steady
state without any convergence acceleration technique. The compu-
tation time to obtain the steady mean solutions is 23.8 s through
16,000 operations using Intel’s 400-MHz Celeron CPU, and the
fraction of computation time used by the ANAD model is 31.3% in
this case. The steady mean solutions are representedin Fig. 6, where
it is shown that the numerical solutions are in good agreement with
the analytic solutions. The value of adaptive control constantcalcu-
latedby Eq. (25) is k = 5.708 when the steady state is reached before
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Fig. 5 Error residual history for steady mean solutions in quasi-one-
dimensional transonic nozzle computation.
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Fig. 6 Steady mean solutions compared with analytic solutions in
quasi-one-dimensional transonic nozzle computation.
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Fig.7 Distribution of pressure perturbations at a start of the period of
inlet perturbation in quasi-one-dimensional transonic nozzle computa-
tion.

the inlet perturbation starts. The distribution of pressure perturba-
tions [ p(x) — p(x)] at the start of the period of the inlet perturbation
are expressedin Fig. 7, where the interference between the incident
and reflected waves at the upstream region, the shock-sound inter-
action at the throat, and the transmitted waves at the downstream
region are shown well. There appears a peak at the shock positionin
Fig. 7, which is from the shock oscillation. The steep gradientat the
shock front induces large pressure perturbation for small acoustic
disturbances.Ideally, the shock thicknessis zero, the gradientis infi-
nite, and the peak perturbation will approach the difference of mean
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Fig. 9 Grid mesh system for two-dimensional transonic nozzle com-
putation: entire view and zoomed view.

pressures before and after the shock. Some numerical oscillations
still show near the shock in Figs. 6 and 7; however, these are small
enoughnotto contaminatethe acousticdata. The exit pressuresignal
throughone periodis representedin Fig. 8. The resultsin Fig. 7 and 8
are alsoin good agreement with the analytic solutions. The accuracy
of the quasi-one-dimensiond ANAD model is properly validated.

D. Two-Dimensional Computation

The same problemdescribedin the precedingsubsectionis solved
in two dimensions, which is more realistic, for the validation of the
multidimensional ANAD model. For the two-dimensional transonic
nozzle computations,Eq. (26) is solved. The numbers of grid points
used are 251 in the x direction and 25 in the y direction (251 x 25),
where the distribution of x-directional grid points are the same as
that of the quasi-one-dimensiond computation. The Courant num-
ber and the convergence criterion for steady state are also the same
as those of the quasi-one-dimensiond computation. After the steady
stateisreached, the acoustic perturbationstarts at the inletplane, and
the periodic oscillatory state with constant magnitudes is achieved,
during which 25 wavelengths are produced, just like in the quasi-
one-dimensional case.

The grid meshes are represented in Fig. 9. The error residual
history for the steady mean solutionsis representedin Fig. 10. Con-
vergencerate in the two-dimensionalcase is much slower than in the
quasi-one-dimensioml case, mainly because of the wall boundary
conditions that reflect all of the waves perfectly into the compu-
tational domain. The canceling-the-residwal technique'® is imple-
mented for convergence acceleration after 140,000 operations in
Fig. 10, which saves much computational time in this case. The
computation time to obtain the steady mean solutionsis 330.1 min
through 200,000 operations using Intel’s 400-MHz Celeron CPU,
and the fraction of computation time used by the ANAD model
is 24.3% in this case, which is smaller than that in the quasi-one-
dimensional case by 7%. The contours of steady mean solutions
are representedin Fig. 11. The steady mean solutions on the nozzle
centerline (y = 0) are represented in Fig. 12, where it is shown that
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Fig.10 Error residual history for steady mean solutions in quasi-one-

dimensional transonic nozzle computation.

0.5
0.25
oo

0.960582

-2 -15 -1 -0.5 0 0.5 1 15 2
Nondimensional Distance

P/ Pintet
05
0.25
o 0
-0.25
-0.5

-2 -1.5 -1 -0.5 0 05 1 1.5 2

P/P inlet

T2 -15 -1 05 0 0.5 1 1.5 2

-0.25
-05

2 -1.5 -1 -0.5 0 0.5 1 15 2
Nondimensional Distance

v/ Vinlet

Fig. 11 Contours of steady mean solutions in two-dimensional tran-
sonic nozzle computation (41 levels).

the numerical solutions are in good agreement with the quasi-one-
dimensional analytic solutions, just as in Fig. 6. The values of the
adaptivecontrol constantcalculatedby Eq. (31) are k = 5.714 in the
x direction and k = 1.881 in the y direction at the center of the noz-
zle throat (x and y =0) when the steady state is reached before the
inlet perturbation starts. The distribution of pressure perturbations
[p(x) — p(x)] onthe nozzle centerline (y = 0) at a start of the period
of inlet perturbation is expressed in Fig. 13, which corresponds to
the quasi-one-dimensiond result of Fig. 7. The peak perturbation
and the small oscillations at and near the shock resemble those in
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the quasi-one-dimensiond case. The exit pressure signal at the cen-
ter (y =0) through one period is represented in Fig. 14, which is
equivalentto that of the quasi-one-dimensioml result of Fig. 8. The
accuracy and feasibility of the multidimensional ANAD model in
the generalized coordinates are properly validated and investigated
within the present test problems.

VI. Conclusions

The ANAD model is presented for the numerical stability and
convergence of CAA with high-order and high-resolutionschemes.

The ANAD model has excellent shock-capturing and background
smoothingterms, anditscarcelydissipatesthe linearacousticwaves.
The conservative form of the background smoothing term provides
the accurate locations and propagation speeds of the shock waves.
The adaptive control constant is devised to determine the optimum
values of overall dissipation magnitude automatically, according to
flow conditions and grid meshes. The one-, quasi-one-, and two-
dimensional formulations of the ANAD models are successfully
accomplished, and their applications to the actual Euler computa-
tions of the benchmarking problems provide high-qualitynonlinear
shock and linear acoustic wave solutions. Further tests and appli-
cations to various problems are expected to be helpful in validating
the generality and feasibility of the ANAD model for CAA in the
future studies.
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